In this paper we describe all those ordered semigroups which are the nil extension of Clifford, left Clifford, group like, left group like ordered semigroups.
2. S = α ∈ Y S α , 3. S α S β ⊆ S α β for any α, β ∈ Y, 4. S β ∩ (S α ] = φ implies β α, where is the order of the semilattice Y defined by := {(α, β) | α = α β (β α)} [10] .
Let S be an ordered semigroup with the zero 0. An element a ∈ S is called a nilpotent if a n = 0 for some n ∈ N. The set of all nilpotents of S is denoted by Nil(S). S is called nil ordered semigroup (nilpotent) [7] if S = Nil(S).
Due to Cao [7] the definition of nil extension of ordered semigroup is as follows.
Definition 2.1. [7] Let I be an ideal of an ordered semigroup S. Then (S/I, ·, ) is called the Rees factor ordered semigroup of S modulo I, and S is called an ideal extension of I by ordered semigroup S/I. An ideal extension S of I is called a nil-extension of I if S/I is a nil ordered semigroup.
Lemma 2.2. [7] Let S be an ordered semigroup and I an ideal of S. Then the following are equivalent:
(i) S is a nil-extension of I;
(ii) (∀a ∈ S)(∃m ∈ N) a m ∈ I.
In [1] , we have introduced the notion of Clifford and left Clifford ordered semigroups and characterized their structural representation. For the correspondences of the results of this paper we are stating some of them. if for all a, b ∈ S.
Theorem 3.
2. An ordered semigroup S is a nil extension of a left group like ordered semigroup if and only if for every a, b ∈ S, there exists n ∈ N such that a n ∈ (a n Sa n b] and for every
Proof. Suppose that S is a nil extension of a left group like ordered semigroup K and a, b ∈ S. Then there is m ∈ N such that a m ∈ K. Regularity of K implies that a m ≤ a m xa m for some x ∈ K.
Further, for xa m , a m b ∈ K; the left simplicity of K yields that xa m ≤ ya m b, for some y ∈ K. This
Thus b ∈ K and so ba ∈ K. Thus a ∈ K. Since K is a left group like ordered semigroup, for a, ba ∈ K it follows that a ≤ asba for some s ∈ K, by Lemma 3.1. Thus the given conditions follow.
Conversely, assume that given conditions hold in S. Let a ∈ S be arbitrary. Then by given condition we have a m ≤ a m xa m+1 , for some x ∈ S and m ∈ N. This implies a m+1 ∈ Reg ≤ (S) and so
Let us choose s ∈ S and a ∈ T . Then the definition of T implies a ≤ a(xa) n , for all n ∈ N and some x ∈ S.
Thus sa ≤ sa(xa) n , for all n ∈ N. Now for xa, sa ∈ S, there exists m 1 ∈ N and t 1 ∈ S such that
Then a ≤ a(xa) m 1 implies sa ≤ sa(xa) m 1 and hence sa ≤ sa(xa)
as ≤ (ax) m 2 as implies by the second condition that
(1)
Then using the first condition for zt, as ∈ S we have that (zt)
for some m 3 ∈ N and t 3 ∈ S. That is t ≤ t(zt) m 3 t 3 (zt) m 3 as, by (2) . So from (1) we have as ≤ ast 2 t(zt) m 3 t 3 (zt) m 3 as, and hence as ∈ T .
Next choose a ∈ S and b ∈ T such that a ≤ b.
n for all n ∈ N. Now for xb, a ∈ S, it follows from the first condition that
So a ≤ b implies that
Since b ∈ T , by above we have bt 5 ∈ T . Say bt 5 = t 6 . Then for a ∈ S, and t 6 ∈ T, a ≤ t 6 a yields that a ≤ at 7 t 6 for some t 7 ∈ S, by second condition. Therefore
Thus a ∈ T , which shows that T is an ideal of S.
Hence T is left simple. Thus T is left group like ordered semigroup such that for every a ∈ S there is m ∈ N, a m ∈ T . Hence S is nil extension of a left group like ordered semigroup T .
In the following result we provide an independent proof of Corollary 5.2 of [7] .
3. An ordered semigroup S is a nil extension of a group like ordered semigroup if and only if for all a, b ∈ S, there exists n ∈ N such that a n ∈ (b n Sb n ].
Proof. Suppose that S is a nil extension of a group like ordered semigroup G and a, b ∈ S. Then there exists n ∈ N such that a n , b n ∈ G. Since G is a group like ordered semigroup, there exists u ∈ G such that a n ≤ b n u. Also for u, b n ∈ G there exists x ∈ G such that u ≤ xb n . This implies
Thus a n ≤ b n xb n and hence a n ∈ (b n Sb n ].
Conversely, let us assume that given condition holds in S. Choose a ∈ S. Then for some m ∈ N and x ∈ S, a m ≤ a m xa m . Thus Reg ≤ (S) = φ. Say G = Reg ≤ (S). So for every a ∈ S, there exists m ∈ N such that a m ∈ G. Let us consider b ∈ G and s ∈ S. Then for all n ∈ N bs ≤ bybs ≤ (by) n bs for y ∈ S.
Using the given condition for bs, by ∈ S, we obtain (by) m bs ≤ (bs) m z(bs) m+1 for z ∈ S and m ∈ N.
This yields that
≤ bstbs; where t = bs m−1 zbs m .
Thus bs ∈ G. Similarly sb ∈ G.
Next let a ∈ S and b ∈ G be such that a ≤ b. Since b ∈ G there exists x ∈ S such that b ≤ bxb and hence b ≤ (bx) n b(xb) n for all n ∈ N, which implies that a ≤ a m (z 1 a m ba n z)a n , for some m, n ∈ N and z, z 1 ∈ S = ata, where t = a m−1 z 1 a m ba n za n−1 .
So a ∈ G. Hence G is an ideal of S.
Finally, consider a, b ∈ G. Then there exists x ∈ S such that a ≤ (ax) n a for all n ∈ N, and so by the given condition it follows that a ≤ b
Similarly there is some v ∈ S such that a ≤ vb. This shows that G is a group like ordered semigroup. Hence S is a nil extension of a group like ordered semigroup G.
Theorem 3.4. An ordered semigroup S is a nil extension of a Clifford ordered semigroup if and
only if for every x, a, y ∈ S, there exists n ∈ N such that xa n y ∈ (xa n ySya n x] ∩ (ya n xSxa n y] and
Proof. First suppose that S is a nil extension of a Clifford ordered semigroup K. Let x, a, y ∈ S.
Then there is m ∈ N such that a m ∈ K. Since K is an ideal of S, xa m y ∈ K. Since K is a regular,
Now z 1 x, a m y ∈ K implies that
Similarly for a m , (yu 1 z 1 ) ∈ K there is u 2 ∈ S such that
Therefore
Also, for a m y 2 , u 1 z 1 u 2 ∈ K there exists u 3 ∈ K such that a m y 2 u 1 z 1 u 2 ≤ u 1 z 1 u 2 u 3 a m y 2 . Then from (8), we obtain that
Now K ⊆ Reg ≤ (S) implies that Reg ≤ (S) = φ. Consider b ∈ Reg ≤ (S) and a ∈ S such that a ≤ b.
Since b ∈ Reg ≤ (S), there exists z ∈ S such that b ≤ (bz) n b for all n ∈ N. Since S is a nil extension of K, there exists n 1 ∈ N such that (bz) n 1 ∈ K. This gives (bz) n 1 b ∈ K, which gives b ∈ K and so a ∈ K, since K is an ideal of S. Since K is a Clifford ordered semigroup, by Theorem 2.4(ii) L is a congruence on S. Since a, b ∈ K we have aLab and hence a ⊆ (Sab].
Conversely, let us assume that given conditions hold in S. Let a ∈ S be arbitrary. Then by the first condition there exists n ∈ N such that a n+2 ≤ a n+2 xa n+2 ,
for some x ∈ S. Thus Reg ≤ (S) = φ. Say T = Reg ≤ (S). It is now clear that for each a ∈ S, there exists m ∈ N such that a m ∈ T .
Let s ∈ S and x ∈ T . Then for all n ∈ N and for some t ∈ S, x ≤ (xt) n x which implies that sx ≤ sx(tx) n−1 tx, for all n ∈ N. By first condition there are s 1 ∈ S and m 1 ∈ N such that sx ≤ sx(tx) m 1 txs 1 tx(tx) m 1 sx and thus sx ≤ sxpsx; where p = (tx) m 1 txs 1 tx(tx) m 1 . Also for every n ∈ N,
So there is m 2 ∈ N such that
Thus sx, sx ∈ T .
To show T , a Clifford ordered semigroup, choose a, b ∈ T . Then there is r ∈ S such that ab ≤ abrab
Now for abra, bra, b ∈ S, the first condition yields that
Therefore from (9)
Similarly there are m 4 ∈ N and p 2 ∈ S such that ab ≤ abra(bra) m 4 bp 2 b(bra) m 4 abra. So from (10),
Hence T is Clifford ordered semigroup. Now let a ≤ b for some a ∈ S and b ∈ T . Then by the second condition, there is z ∈ S such that a ≤ zab, that is, a ≤ zabtab for some t ∈ S.
Since T is Clifford ordered semigroup, for zabt, ab ∈ T it follows that zabtab ≤ abp 3 zabt for some p 3 ∈ S.
Similarly for bp 3 za, bt ∈ T , we have bp 3 zabt ≤ btp 4 bp 3 za for some p 4 ∈ S.
The last two inequalities together with (11) yields that a ≤ aha, where h = btp 4 bp 3 z. Thus a ∈ T and so T is an ideal of S. Hence S is a nil extension of a Clifford ordered semigroup T .
Theorem 3.5. An ordered semigroup S is a nil extension of a left Clifford ordered semigroup if and only if for every x, a, y ∈ S, there exists n ∈ N such that xa n y ∈ (xa n ySya n x] ∩ (xa n ySxa n y] and a ∈ S, b ∈ Reg ≤ (S) such that a ≤ b implies a ≤ azab f or some z ∈ S.
Proof. Let S be a nil extension of a left Clifford ordered semigroup K. Choose x, a, y ∈ S. Then there exists m ∈ N such that a m ∈ K. Since K is an ideal of S, xa m y ∈ K. Also the regularity of
Since K is a left Clifford ordered semigroup and z 1 x, a m y ∈ K, by Theorem 2.5 it follows that
Similarly, for a m , yz 2 z 1 ∈ K there is z 3 ∈ K such that
and for a m , z 1 xz 3 ∈ K there is z 4 ∈ K such that
Thus from (13) To show the second condition choose a ∈ S and b ∈ Reg ≤ (S) be such that a ≤ b. By the regularity of b yields that b ≤ b(tb) n for some t ∈ S and for all n ∈ N. Then there is r ∈ N such that (tb) r ∈ K. Since K ia an ideal b(tb) r ∈ K and so b ∈ K. Thus a ∈ K. Since K is left Clifford ordered semigroup, L is congruence on S, by Theorem 2.5(i). Thus aLab. Then a, ab are in Theorem 3.1, a ≤ azab for some z ∈ S. This proves the necessary condition.
Conversely, suppose that given conditions hold in S. Let a ∈ S. Then by the first condition there exists n ∈ N such that a n+2 ≤ a n+2 xa n+2 , for some x ∈ S. Thus Reg ≤ (S) = φ. Say T = Reg ≤ (S).
Now for each a ∈ S, there exists m ∈ N such that a m ∈ T . Let s ∈ S and x ∈ T . Then for all n ∈ N and for some t ∈ S, x ≤ (xt) n x. This implies sx ≤ sx(tx) n−1 tx, for all n ∈ N.
Then by the first condition there are s 1 ∈ S and m 1 ∈ N such that sx ≤ sx(tx) Therefore sx ∈ T .
We now show that T is a left Clifford ordered semigroup. For this let us assume that a, b ∈ T .
Then there is t 1 ∈ S such that ab ≤ abt 1 ab ≤ a(bt 1 a) n bt 1 ab for all n ∈ N.
Then by first condition there are t 2 ∈ S and m ′ ∈ N such that ab ≤ a(bt 1 a) Next let a ∈ S and b ∈ T such that a ≤ b. Using second condition we have a ≤ azab, for some z ∈ S. Then for all n ∈ N, a ≤ a(za) n b n . So for some m ′′ ∈ N, (za) m ′′ ∈ T . Since T is a left Clifford, (za) m ′′ b m ′′ ∈ (T a]. So a ∈ (aSa], that is a ∈ T .
Finally to show T , an ideal of S we need only to show that xs ∈ T . The regularity of x yields that xs ≤ x(tx) n s for all n ∈ N. Also for some l ∈ N, x(tx) l s ∈ T . Then xs ≤ x(tx) l s implies that xs ∈ T by above. Thus T is an ideal of S. Hence S is a nil extension of a left Clifford ordered semigroup T .
